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❛❧✳ ❬✹❪✱ ❈❛r❜♦♥ ❡t ❛❧✳ ❬✺❪✱ ❍❛❧❧✐♥ ❡t ❛❧✳ ❬✶✷❪✱ ❬✶✸❪✱ ❚r❛♥ ❬✷✷❪✱ ❚r❛♥ ❛♥❞ ❨❛❦♦✇✐t③ ❬✷✸❪ ❛♥❞
❨❛♦ ❬✷✺❪ ✇❤♦ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ ♥♦♥♣❛r❛♠❡tr✐❝ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ❢♦r r❛♥❞♦♠ ✜❡❧❞s ❛♥❞
✷
❇✐❛✉ ❛♥❞ ❈❛❞r❡ ❬✷❪✱ ❊❧ ▼❛❝❤❦♦✉r✐ ❬✾❪✱ ❊❧ ▼❛❝❤❦♦✉r✐ ❛♥❞ ❙t♦✐❝❛ ❬✶✵❪✱ ❍❛❧❧✐♥ ❡t ❛❧✳ ❬✶✹❪
❛♥❞ ▲✉ ❛♥❞ ❈❤❡♥ ❬✶✺❪✱ ❬✶✻❪ ✇❤♦ ❤❛✈❡ st✉❞✐❡❞ s♣❛t✐❛❧ ♣r❡❞✐❝t✐♦♥ ❛♥❞ s♣❛t✐❛❧ r❡❣r❡ss✐♦♥
❡st✐♠❛t✐♦♥✳
▲❡t d ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❛♥❞ ❧❡t (Xi)i∈Zd ❜❡ ❛ ✜❡❧❞ ♦❢ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❡❛❧
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❛ ♠❛r❣✐♥❛❧ ❞❡♥s✐t② f ✳ ●✐✈❡♥ t✇♦ σ✲❛❧❣❡❜r❛s U ❛♥❞ V ♦❢ F ✱
❞✐✛❡r❡♥t ♠❡❛s✉r❡s ♦❢ t❤❡✐r ❞❡♣❡♥❞❡♥❝❡ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❲❡ ❛r❡
✐♥t❡r❡st❡❞ ❜② ♦♥❡ ♦❢ t❤❡♠✳ ❚❤❡ α✲♠✐①✐♥❣ ❝♦❡✣❝✐❡♥t ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❘♦s❡♥❜❧❛tt
❬✷✵❪ ❞❡✜♥❡❞ ❜②
α(U ,V) = sup{|P(A ∩B)− P(A)P(B)| , A ∈ U , B ∈ V}.
■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ str♦♥❣ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts α1,∞(n) ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ♣♦s✐✲
t✐✈❡ ✐♥t❡❣❡r n ❜②
α1,∞(n) = sup {α(σ(Xk),FΓ), k ∈ Zd, Γ ⊂ Zd, ρ(Γ, {k}) ≥ n},
✇❤❡r❡ FΓ = σ(Xi ; i ∈ Γ) ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ρ ✐s ❞❡✜♥❡❞ ❢♦r ❛♥② s✉❜s❡ts Γ1 ❛♥❞ Γ2
♦❢ Zd ❜② ρ(Γ1,Γ2) = min{|i − j|, i ∈ Γ1, j ∈ Γ2} ✇✐t❤ |i − j| = max1≤s≤d |is − js|
❢♦r ❛♥② i ❛♥❞ j ✐♥ Zd✳ ❲❡ s❛② t❤❛t t❤❡ r❛♥❞♦♠ ✜❡❧❞ (Xi)i∈Zd ✐s str♦♥❣❧② ♠✐①✐♥❣ ✐❢
limn→+∞ α1,∞(n) = 0✳ ❚❤❡ ❝❧❛ss ♦❢ ♠✐①✐♥❣ r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡ ❛❜♦✈❡ s❡♥s❡ ✐s ✈❡r②
❧❛r❣❡ ✭♦♥❡ ❝❛♥ r❡❢❡r t♦ ●✉②♦♥ ❬✶✶❪ ♦r ❉♦✉❦❤❛♥ ❬✽❪ ❢♦r ❡①❛♠♣❧❡s✮ ❛♥❞ ✇❡ r❡❝❛❧❧ t❤❛t
❉❡❞❡❝❦❡r ❬✻❪ ♦❜t❛✐♥❡❞ ❛ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❢♦r t❤❡ st❛t✐♦♥❛r② r❛♥❞♦♠ ✜❡❧❞ (Xi)i∈Zd
♣r♦✈✐❞❡❞ t❤❛t X0 ❤❛s ③❡r♦ ♠❡❛♥ ❛♥❞ ✜♥✐t❡ ✈❛r✐❛♥❝❡ ❛♥❞
∑
k∈Zd
∫ α1,∞(|k|)
0
Q2X0(u)du < +∞
✇❤❡r❡ QX0 ✐s t❤❡ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❢♦r ❛♥② u ✐♥ [0, 1] ❜②
QX0(u) = inf{t ≥ 0 ; P(|X0| > t) ≤ u}.
❲❡ ❝♦♥s✐❞❡r t❤❡ ❞❡♥s✐t② ❡st✐♠❛t♦r ♦❢ f ❞❡✜♥❡❞ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r n ❛♥❞ ❛♥② x ✐♥
R ❜②
fn(x) =
1
ndbn
∑
i∈Λn
❑
(
x−Xi
bn
)
✇❤❡r❡ bn ✐s t❤❡ ❜❛♥❞✇✐❞t❤ ♣❛r❛♠❡t❡r✱ Λn ❞❡♥♦t❡s t❤❡ s❡t {1, ..., n}d ❛♥❞ ❑ ✐s ❛ ♣r♦❜❛❜✐❧✲
✐t② ❦❡r♥❡❧✳ ❖✉r ❛✐♠ ✐s t♦ ♣r♦✈✐❞❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ str♦♥❣ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts
α1,∞(n) ❢♦r (n
dbn)
1/2(fn(xi)−Efn(xi))1≤i≤k, (xi)1≤i≤k ∈ Rk, k ∈ N∗, t♦ ❝♦♥✈❡r❣❡ ✐♥ ❧❛✇
✸
t♦ ❛ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✭❚❤❡♦r❡♠ 1✮ ✉♥❞❡r ♠✐♥✐♠❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡
❜❛♥❞✇✐❞t❤s ✭t❤❛t ✐s bn ❣♦❡s t♦ ③❡r♦ ❛♥❞ n
dbn ❣♦❡s t♦ ✐♥✜♥✐t②✮✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿
✭❆✶✮ ❚❤❡ ♠❛r❣✐♥❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ Xk ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤
❝♦♥t✐♥✉♦✉s ♣♦s✐t✐✈❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ f ✳
✭❆✷✮ ❚❤❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ (X0, Xk) ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤
❝♦♥t✐♥✉♦✉s ❥♦✐♥t ❞❡♥s✐t② f0,k✳
✭❆✸✮ ❑ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❦❡r♥❡❧ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ❛♥❞
∫
R
❑2(u) du <∞✳
✭❆✹✮ ❚❤❡ ❜❛♥❞✇✐❞t❤ bn ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛♥❞ n
dbn ❣♦❡s t♦ ✐♥✜♥✐t②✳
❖✉r ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳
❚❤❡♦r❡♠ ✶ ❆ss✉♠❡ t❤❛t ✭❆✶✮✱ ✭❆✷✮✱ ✭❆✸✮ ❛♥❞ ✭❆✹✮ ❤♦❧❞ ❛♥❞
+∞∑
m=1
m2d−1 α1,∞(m) < +∞. ✭✶✮
❚❤❡♥ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k ❛♥❞ ❛♥② ❞✐st✐♥❝t ♣♦✐♥ts x1, ..., xk ✐♥ R✱
(ndbn)
1/2


fn(x1)− Efn(x1)
✳✳✳
fn(xk)− Efn(xk)

 L−−−−−→
n→+∞
N (0, V ) ✭✷✮
✇❤❡r❡ V ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts vii = f(xi)
∫
R
❑2(u)du✳
❘❡♠❛r❦ ✶✳ ❆ r❡♣❧❛❝❡♠❡♥t ♦❢ Efn(xi) ❜② f(xi) ❢♦r ❛♥② 1 ≤ i ≤ k ✐♥ ✭2✮ ✐s ❛ ❝❧❛ss✐❝❛❧
♣r♦❜❧❡♠ ✐♥ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ t❤❡♦r②✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ f ✐s ❛ss✉♠❡❞ t♦ ❜❡ ▲✐♣s❝❤✐t③ ❛♥❞
✐❢
∫
R
|u||❑(u)|du < ∞ t❤❡♥ |Efn(xi) − f(xi)| = O(bn) ❛♥❞ t❤✉s t❤❡ ❝❡♥t❡r✐♥❣ Efn(xi)
♠❛② ❜❡ ❝❤❛♥❣❡❞ t♦ f(xi) ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ r❡s✉❧t ♣r♦✈✐❞❡❞ t❤❛t n
db3n ❝♦♥✲
✈❡r❣❡s t♦ ③❡r♦✳
❘❡♠❛r❦ ✷✳ ❚❤❡♦r❡♠ 1 ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ❜② ❇♦sq✱ ▼❡r❧❡✈è❞❡ ❛♥❞
P❡❧✐❣r❛❞ ❬✸❪✳ ■♥ ❢❛❝t✱ ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✱ t❤❡ ❛✉t❤♦rs ♦❜t❛✐♥❡❞ t❤❡ s❛♠❡ r❡s✉❧t
❢♦r d = 1 ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❜❛♥❞✇✐t❤ ♣❛r❛♠❡t❡r ✭t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts
❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t bn ≥ C n−1/3 log n✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✮ ✇✐t❤
d = 1 ✐s s❧✐❣❤t❧② ♠♦r❡ r❡str✐❝t✐✈❡ t❤❛♥ t❤❡ ❝♦♥❞✐t✐♦♥
∑
m>n α1,∞(m) = o(n
−1) ♦❜t❛✐♥❡❞
❜② ❉❡❞❡❝❦❡r ❛♥❞ ▼❡r❧❡✈è❞❡ ✭❬✼❪✱ ❈♦r♦❧❧❛r② ✹✮✳ ❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t ❚❤❡♦r❡♠ ✶ st✐❧❧ ❤♦❧❞s
✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥
∑
m>nm
d−1 α1,∞(m) = o(n
−d)✳
✹
✷ Pr♦♦❢s
Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝❛s❡ k = 2
❛♥❞ ✇❡ r❡❢❡r t♦ x1 ❛♥❞ x2 ❛s x ❛♥❞ y ✭x 6= y✮✳ ▲❡t λ1 ❛♥❞ λ2 ❜❡ t✇♦ ❝♦♥st❛♥ts s✉❝❤
t❤❛t λ21 + λ
2
2 = 1 ❛♥❞ ❞❡♥♦t❡
Sn = λ1(n
dbn)
1/2(fn(x)− Efn(x)) + λ2(ndbn)1/2(fn(y)− Efn(y)) =
∑
i∈Λn
∆i
nd/2
✇❤❡r❡ ∆i = λ1Zi(x) + λ2Zi(y) ❛♥❞ ❢♦r ❛♥② z ✐♥ R✱
Zi(z) =
1√
bn
(
❑
(
z −Xi
bn
)
− E❑
(
z −Xi
bn
))
.
❲❡ ❝♦♥s✐❞❡r t❤❡ ♥♦t❛t✐♦♥s
η = (λ21f(x) + λ
2
2f(y))σ
2 ❛♥❞ σ2 =
∫
R
❑2(u)du. ✭✸✮
❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ r❡s✉❧t ✐s ♣♦st♣♦♥❡❞ t♦ t❤❡ ❛♥♥❡①✳
▲❡♠♠❛ ✶ E(∆20) ❝♦♥✈❡r❣❡s t♦ η ❛♥❞ E|∆0∆i| = O(bn) ❢♦r ❛♥② i ✐♥ Zd\{0}✳
■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ Sn t♦
√
ητ0 ✇❤❡r❡ τ0 ∼ N (0, 1)✱
✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❢♦❧❧♦✇ t❤❡ ▲✐♥❞❡❜❡r❣✬s ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t
t❤❡♦r❡♠ ❢♦r st❛t✐♦♥❛r② r❛♥❞♦♠ ✜❡❧❞s ❜② ❉❡❞❡❝❦❡r ❬✻❪✳ ▲❡t ✉s ♥♦t❡ t❤❛t s❡✈❡r❛❧ ♣r❡✈✐✲
♦✉s ❛s②♠♣t♦t✐❝ r❡s✉❧ts ❢♦r ❦❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s♣❛t✐❛❧ ♣r♦❝❡ss❡s
✇❡r❡ ❡st❛❜❧✐s❤❡❞ ✉s✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ ❇❡r♥st❡✐♥✬s s♠❛❧❧✲❜❧♦❝❦✲❧❛r❣❡✲❜❧♦❝❦ t❡❝❤♥✐q✉❡ ❛♥❞
❝♦✉♣❧✐♥❣ ❛r❣✉♠❡♥ts ✇❤✐❝❤ ❧❡❛❞ t♦ r❡str✐❝t✐✈❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❜❛♥❞✇✐t❤ ♣❛r❛♠❡t❡r
✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✹❪✱ ❬✺❪✱ ❬✶✷❪✱ ❬✷✷❪✮✳ ❖✉r ❛♣♣r♦❛❝❤ s❡❡♠s t♦ ❜❡ ❜❡tt❡r s✐♥❝❡ ✇❡ ♦❜t❛✐♥
❛ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ✇❤❡♥ t❤❡ ❜❛♥❞✇✐t❤ s❛t✐s✜❡s ♦♥❧② ❆ss✉♠♣t✐♦♥ ✭❆✹✮✳
▲❡t µ ❜❡ t❤❡ ❧❛✇ ♦❢ t❤❡ st❛t✐♦♥❛r② r❡❛❧ r❛♥❞♦♠ ✜❡❧❞ (Xk)k∈Zd ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♣r♦❥❡❝✲
t✐♦♥ pi0 ❢r♦♠ R
Z
d
t♦ R ❞❡✜♥❡❞ ❜② pi0(ω) = ω0 ❛♥❞ t❤❡ ❢❛♠✐❧② ♦❢ tr❛♥s❧❛t✐♦♥ ♦♣❡r❛t♦rs
(T k)k∈Zd ❢r♦♠ R
Z
d
t♦ RZ
d
❞❡✜♥❡❞ ❜② (T k(ω))i = ωi+k ❢♦r ❛♥② k ∈ Zd ❛♥❞ ❛♥② ω ✐♥ RZd ✳
❉❡♥♦t❡ ❜② B t❤❡ ❇♦r❡❧ σ✲❛❧❣❡❜r❛ ♦❢ R✳ ❚❤❡ r❛♥❞♦♠ ✜❡❧❞ (pi0 ◦ T k)k∈Zd ❞❡✜♥❡❞ ♦♥ t❤❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (RZ
d
,BZd , µ) ✐s st❛t✐♦♥❛r② ✇✐t❤ t❤❡ s❛♠❡ ❧❛✇ ❛s (Xk)k∈Zd ✱ ❤❡♥❝❡✱ ✇✐t❤✲
♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t (Ω,F ,P) = (RZd ,BZd , µ) ❛♥❞ Xk = pi0 ◦T k✳
❖♥ t❤❡ ❧❛tt✐❝❡ Zd ✇❡ ❞❡✜♥❡ t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r ❛s ❢♦❧❧♦✇s✿ ✐❢ i = (i1, ..., id) ❛♥❞
j = (j1, ..., jd) ❛r❡ ❞✐st✐♥❝t ❡❧❡♠❡♥ts ♦❢ Z
d✱ t❤❡ ♥♦t❛t✐♦♥ i <❧❡① j ♠❡❛♥s t❤❛t ❡✐t❤❡r
✺
i1 < j1 ♦r ❢♦r s♦♠❡ p ✐♥ {2, 3, ..., d}✱ ip < jp ❛♥❞ iq = jq ❢♦r 1 ≤ q < p✳ ▲❡t t❤❡ s❡ts
{V Mi ; i ∈ Zd , M ∈ N∗} ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
V 1i = {j ∈ Zd ; j <❧❡① i},
❛♥❞ ❢♦r M ≥ 2
V Mi = V
1
i ∩ {j ∈ Zd ; |i− j| ≥M} ✇❤❡r❡ |i− j| = max
1≤l≤d
|il − jl|.
❋♦r ❛♥② s✉❜s❡t Γ ♦❢ Zd ❞❡✜♥❡ FΓ = σ(Xi ; i ∈ Γ) ❛♥❞ s❡t
EM(Xi) = E(Xi|FV Mi ), M ∈ N∗.
▲❡t g ❜❡ ❛ ♦♥❡ t♦ ♦♥❡ ♠❛♣ ❢r♦♠ [1,M ] ∩ N∗ t♦ ❛ ✜♥✐t❡ s✉❜s❡t ♦❢ Zd ❛♥❞ (ξi)i∈Zd ❛ r❡❛❧
r❛♥❞♦♠ ✜❡❧❞✳ ❋♦r ❛❧❧ ✐♥t❡❣❡rs k ✐♥ [1,M ]✱ ✇❡ ❞❡♥♦t❡
Sg(k)(ξ) =
k∑
i=1
ξg(i) ❛♥❞ S
c
g(k)(ξ) =
M∑
i=k
ξg(i)
✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ Sg(0)(ξ) = S
c
g(M+1)(ξ) = 0✳ ❚♦ ❞❡s❝r✐❜❡ t❤❡ s❡t Λn = {1, ..., n}d✱ ✇❡
❞❡✜♥❡ t❤❡ ♦♥❡ t♦ ♦♥❡ ♠❛♣ g ❢r♦♠ [1, nd] ∩ N∗ t♦ Λn ❜②✿ g ✐s t❤❡ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ s✉❝❤
t❤❛t g(k) <❧❡① g(l) ❢♦r 1 ≤ k < l ≤ nd✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✜❡❧❞ (τi)i∈Zd ♦❢
✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞❡♥t ♦❢ (Xi)i∈Zd s✉❝❤ t❤❛t τ0 ❤❛s t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧
❧❛✇ N (0, 1)✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ✜❡❧❞s Y ❛♥❞ γ ❞❡✜♥❡❞ ❢♦r ❛♥② i ✐♥ Zd ❜②
Yi =
∆i
nd/2
❛♥❞ γi =
τi
√
η
nd/2
✇❤❡r❡ η ✐s ❞❡✜♥❡❞ ❜② ✭3✮✳
▲❡t h ❜❡ ❛♥② ❢✉♥❝t✐♦♥ ❢r♦♠ R t♦ R✳ ❋♦r 0 ≤ k ≤ l ≤ nd + 1✱ ✇❡ ✐♥tr♦❞✉❝❡
hk,l(Y ) = h(Sg(k)(Y )+S
c
g(l)(γ))✳ ❲✐t❤ t❤❡ ❛❜♦✈❡ ❝♦♥✈❡♥t✐♦♥ ✇❡ ❤❛✈❡ t❤❛t hk,nd+1(Y ) =
h(Sg(k)(Y )) ❛♥❞ ❛❧s♦ h0,l(Y ) = h(S
c
g(l)(γ))✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ♦❢t❡♥ ✇r✐t❡ hk,l ✐♥st❡❛❞
♦❢ hk,l(Y )✳ ❲❡ ❞❡♥♦t❡ ❜② B
4
1(R) t❤❡ ✉♥✐t ❜❛❧❧ ♦❢ C
4
b (R)✿ h ❜❡❧♦♥❣s t♦ B
4
1(R) ✐❢ ❛♥❞ ♦♥❧②
✐❢ ✐t ❜❡❧♦♥❣s t♦ C4(R) ❛♥❞ s❛t✐s✜❡s max0≤i≤4 ‖h(i)‖∞ ≤ 1✳
■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ h ✐♥ B41(R)✱
E
(
h
(
Sg(nd)(Y )
)) −−−−−→
n→+∞
E (h (τ0
√
η)) .
✻
❲❡ ✉s❡ ▲✐♥❞❡❜❡r❣✬s ❞❡❝♦♠♣♦s✐t✐♦♥✿
E
(
h
(
Sg(nd)(Y )
)− h (τ0√η)) = n
d∑
k=1
E (hk,k+1 − hk−1,k) .
◆♦✇✱
hk,k+1 − hk−1,k = hk,k+1 − hk−1,k+1 + hk−1,k+1 − hk−1,k.
❆♣♣❧②✐♥❣ ❚❛②❧♦r✬s ❢♦r♠✉❧❛ ✇❡ ❣❡t t❤❛t✿
hk,k+1 − hk−1,k+1 = Yg(k)h′k−1,k+1 +
1
2
Y 2g(k)h
′′
k−1,k+1 +Rk
❛♥❞
hk−1,k+1 − hk−1,k = −γg(k)h′k−1,k+1 −
1
2
γ2g(k)h
′′
k−1,k+1 + rk
✇❤❡r❡ |Rk| ≤ Y 2g(k)(1∧ |Yg(k)|) ❛♥❞ |rk| ≤ γ2g(k)(1∧ |γg(k)|)✳ ❙✐♥❝❡ (Y, τi)i6=g(k) ✐s ✐♥❞❡♣❡♥✲
❞❡♥t ♦❢ τg(k)✱ ✐t ❢♦❧❧♦✇s t❤❛t
E
(
γg(k)h
′
k−1,k+1
)
= 0 ❛♥❞ E
(
γ2g(k)h
′′
k−1,k+1
)
= E
( η
nd
h
′′
k−1,k+1
)
❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥
E
(
h(Sg(nd)(Y ))− h (τ0√η)
)
=
nd∑
k=1
E(Yg(k)h
′
k−1,k+1)
+
nd∑
k=1
E
((
Y 2g(k) −
η
nd
) h′′k−1,k+1
2
)
+
nd∑
k=1
E (Rk + rk) .
▲❡t 1 ≤ k ≤ nd ❜❡ ✜①❡❞✳ ◆♦t✐♥❣ t❤❛t ∆0 ✐s ❜♦✉♥❞❡❞ ❜② 4‖❑‖∞/
√
bn ❛♥❞ ❛♣♣❧②✐♥❣
▲❡♠♠❛ 1✱ ✇❡ ❞❡r✐✈❡
E|Rk| ≤ E|∆0|
3
n3d/2
= O
(
1
(n3d bn)1/2
)
❛♥❞
E|rk| ≤ E|γ0|
3
n3d/2
≤ η
3/2
E|τ0|3
n3d/2
= O
(
1
n3d/2
)
.
❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♦❜t❛✐♥
nd∑
k=1
E (|Rk|+ |rk|) = O
(
1
(ndbn)1/2
+
1
nd/2
)
= o(1).
✼
◆♦✇✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇
lim
n→+∞
nd∑
k=1
(
E(Yg(k)h
′
k−1,k+1) + E
((
Y 2g(k) −
η
nd
) h′′k−1,k+1
2
))
= 0. ✭✹✮
❋✐rst✱ ✇❡ ❢♦❝✉s ♦♥
∑nd
k=1 E
(
Yg(k)h
′
k−1,k+1
)
✳ ❋♦r ❛❧❧ M ✐♥ N∗ ❛♥❞ ❛❧❧ ✐♥t❡❣❡r k ✐♥ [1, nd]✱
✇❡ ❞❡✜♥❡
EMk = g([1, k] ∩ N∗) ∩ V Mg(k) ❛♥❞ SMg(k)(Y ) =
∑
i∈EM
k
Yi.
❋♦r ❛♥② ❢✉♥❝t✐♦♥ Ψ ❢r♦♠ R t♦ R✱ ✇❡ ❞❡✜♥❡ ΨMk−1,l = Ψ(S
M
g(k)(Y ) + S
c
g(l)(γ)) ✭✇❡ ❛r❡
❣♦✐♥❣ t♦ ❛♣♣❧② t❤✐s ♥♦t❛t✐♦♥ t♦ t❤❡ s✉❝❝❡ss✐✈❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ h✮✳
❋♦r ❛♥② ✐♥t❡❣❡r n✱ ✇❡ ❞❡✜♥❡
mn = max


[
b
−1
2d
n
]
,



 1b2n
∑
|i|>
»
b
−1
2d
n
–
|i|d α1,∞(|i|)


1
2d

+ 1


✇❤❡r❡ [ . ] ❞❡♥♦t❡s t❤❡ ✐♥t❡❣❡r ♣❛rt ❢✉♥❝t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ✐s t❤❡
s♣❛t✐❛❧ ✈❡rs✐♦♥ ♦❢ ❛ r❡s✉❧t ❜② ❇♦sq✱ ▼❡r❧❡✈è❞❡ ❛♥❞ P❡❧✐❣r❛❞ ✭❬✸❪✱ ♣❛❣❡s ✽✽✲✽✾✮✳ ■♥ ♦r❞❡r
t♦ ❜❡ s❡❧❢✲❝♦♥t❛✐♥❡❞✱ t❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳
▲❡♠♠❛ ✷ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✭❆✹✮ ❛♥❞ t❤❡ ♠✐①✐♥❣ ❝♦♥❞✐t✐♦♥ (1)✱ ✇❡ ❤❛✈❡
mdn →∞, mdnbn → 0 ❛♥❞
1
mdnbn
∑
|i|>mn
|i|d α1,∞(|i|)→ 0. ✭✺✮
❖✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t
lim
n→+∞
nd∑
k=1
E
(
Yg(k)h
′
k−1,k+1 − Yg(k)
(
Sg(k−1)(Y )− Smng(k)(Y )
)
h
′′
k−1,k+1
)
= 0.
❋✐rst✱ ✇❡ ✉s❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
Yg(k)h
′
k−1,k+1 = Yg(k)h
′mn
k−1,k+1 + Yg(k)
(
h
′
k−1,k+1 − h
′mn
k−1,k+1
)
.
❲❡ ❝♦♥s✐❞❡r ❛ ♦♥❡ t♦ ♦♥❡ ♠❛♣ m ❢r♦♠ [1, |Emnk |] ∩ N∗ t♦ Emnk ❛♥❞ s✉❝❤ t❤❛t |m(i) −
g(k)| ≤ |m(i − 1) − g(k)|✳ ❚❤✐s ❝❤♦✐❝❡ ♦❢ m ❡♥s✉r❡s t❤❛t Sm(i)(Y ) ❛♥❞ Sm(i−1)(Y ) ❛r❡
F
V
|m(i)−g(k)|
g(k)
✲♠❡❛s✉r❛❜❧❡✳ ❚❤❡ ❢❛❝t t❤❛t γ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ Y ✐♠♣❧② t❤❛t
E
(
Yg(k)h
′ (
Scg(k+1)(γ)
))
= 0.
✽
❚❤❡r❡❢♦r❡ ∣∣∣E(Yg(k)h′mnk−1,k+1)∣∣∣ =
∣∣∣∣∣∣
|Emn
k
|∑
i=1
E
(
Yg(k) (θi − θi−1)
)∣∣∣∣∣∣ ✭✻✮
✇❤❡r❡ θi = h
′
(
Sm(i)(Y ) + S
c
g(k+1)(γ)
)
✳
❙✐♥❝❡ Sm(i)(Y ) ❛♥❞ Sm(i−1)(Y ) ❛r❡ FV |m(i)−g(k)|
g(k)
✲♠❡❛s✉r❛❜❧❡✱ ✇❡ ❝❛♥ t❛❦❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧
❡①♣❡❝t❛t✐♦♥ ♦❢ Yg(k) ✇✐t❤ r❡s♣❡❝t t♦ FV |m(i)−g(k)|
g(k)
✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭6✮✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ h
′
✐s 1✲▲✐♣s❝❤✐t③✱ ❤❡♥❝❡
|θi − θi−1| ≤ |Ym(i)|.
❈♦♥s❡q✉❡♥t❧②✱
∣∣E (Yg(k) (θi − θi−1))∣∣ ≤ E|Ym(i)E|m(i)−g(k)| (Yg(k)) |
❛♥❞ ∣∣∣E(Yg(k)h′mnk−1,k+1)∣∣∣ ≤
|Emn
k
|∑
i=1
E|Ym(i)E|m(i)−g(k)|(Yg(k))|.
❍❡♥❝❡✱ ∣∣∣∣∣∣
nd∑
k=1
E
(
Yg(k)h
′mn
k−1,k+1
)∣∣∣∣∣∣ ≤
1
nd
nd∑
k=1
|Emn
k
|∑
i=1
E|∆m(i)E|m(i)−g(k)|(∆g(k))|
≤
∑
|j|≥mn
‖∆jE|j|(∆0)‖1.
❋♦r ❛♥② j ✐♥ Zd✱ ✇❡ ❤❛✈❡
‖∆jE|j|(∆0)‖1 = ❈♦✈
(
|∆j|
(
IE|j|(∆0)≥0 − IE|j|(∆0)<0
)
,∆0
)
.
❙♦✱ ❛♣♣❧②✐♥❣ ❘✐♦✬s ❝♦✈❛r✐❛♥❝❡ ✐♥❡q✉❛❧✐t② ✭❝❢✳ ❬✶✾❪✱ ❚❤❡♦r❡♠ ✶✳✶✮✱ ✇❡ ♦❜t❛✐♥
‖∆jE|j|(∆0)‖1 ≤ 4
∫ α1,∞(|j|)
0
Q2∆0(u)du
✇❤❡r❡ Q∆0 ✐s ❞❡✜♥❡❞ ❜② Q∆0(u) = inf{t ≥ 0 ; P(|∆0| > t) ≤ u} ❢♦r ❛♥② u ✐♥ [0, 1]✳
❙✐♥❝❡ ∆0 ✐s ❜♦✉♥❞❡❞ ❜② 4‖❑‖∞/
√
bn✱ ✇❡ ❤❛✈❡
Q∆0(u) ≤
4‖❑‖∞√
bn
❛♥❞ ‖∆jE|j|(∆0)‖1 ≤ 64‖❑‖
2
∞
bn
α1,∞(|j|).
✾
❋✐♥❛❧❧②✱ ✇❡ ❞❡r✐✈❡∣∣∣∣∣∣
nd∑
k=1
E
(
Yg(k)h
′mn
k−1,k+1
)∣∣∣∣∣∣ ≤
64‖K‖2∞
bn
∑
|j|≥mn
α1,∞(|j|)
≤ 64‖K‖
2
∞
mdnbn
∑
|j|≥mn
|j|d α1,∞(|j|)
= o(1) ❜② ✭5✮.
❆♣♣❧②✐♥❣ ❛❣❛✐♥ ❚❛②❧♦r✬s ❢♦r♠✉❧❛✱ ✐t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r
Yg(k)(h
′
k−1,k+1 − h
′mn
k−1,k+1) = Yg(k)(Sg(k−1)(Y )− Smng(k)(Y ))h
′′
k−1,k+1 +R
′
k,
✇❤❡r❡ |R′k| ≤ 2|Yg(k)(Sg(k−1)(Y ) − Smng(k)(Y ))(1 ∧ |Sg(k−1)(Y ) − Smng(k)(Y )|)|✳ ❉❡♥♦t✐♥❣
Wn = {−mn + 1, ...,mn − 1}d ❛♥❞ W ∗n = Wn\{0}✱ ✐t ❢♦❧❧♦✇s t❤❛t
nd∑
k=1
E|R′k| ≤ 2E
(
|∆0|
(∑
i∈Wn
|∆i|
)(
1 ∧ 1
nd/2
∑
i∈Wn
|∆i|
))
= 2E



∆20 + ∑
i∈W ∗n
|∆0∆i|

(1 ∧ 1
nd/2
∑
i∈Wn
|∆i|
)
≤ 2
nd/2
∑
i∈Wn
E(∆20|∆i|) + 2
∑
i∈W ∗n
E|∆0∆i|
≤ 8‖❑‖∞
(ndbn)1/2
∑
i∈Wn
E(|∆0∆i|) + 2
∑
i∈W ∗n
E|∆0∆i| s✐♥❝❡ ∆0 ≤ 4‖K‖∞√
bn
❛✳s✳
=
8E(∆20)‖❑‖∞
(ndbn)1/2
+ 2
(
1 +
4‖❑‖∞
(ndbn)1/2
) ∑
i∈W ∗n
E(|∆0∆i|)
= O
(
1
(ndbn)1/2
+mdnbn
(
1 +
1
(ndbn)1/2
))
✭❜② ▲❡♠♠❛ 1✮
= o(1) ❜② ✭5✮.
❙♦✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t
lim
n→+∞
nd∑
k=1
E
(
Yg(k)h
′
k−1,k+1 − Yg(k)(Sg(k−1) − Smng(k))h
′′
k−1,k+1
)
= 0.
■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ✭4✮ ✐t r❡♠❛✐♥s t♦ ❝♦♥tr♦❧
F0 = E

 nd∑
k=1
h
′′
k−1,k+1
(
Y 2g(k)
2
+ Yg(k)
(
Sg(k−1)(Y )− Smng(k)(Y )
)
− η
2nd
) .
✶✵
❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts✿
Λmnn = {i ∈ Λn ; ρ({i}, ∂Λn) ≥ mn} ❛♥❞ Imnn = {1 ≤ i ≤ nd ; g(i) ∈ Λmnn },
❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ Ψ ❢r♦♠ RZ
d
t♦ R s✉❝❤ t❤❛t
Ψ(∆) = ∆20 +
∑
i∈V 10 ∩Wn
2∆0∆i ✇❤❡r❡ Wn = {−mn + 1, ...,mn − 1}d.
❋♦r 1 ≤ k ≤ nd✱ ✇❡ s❡t D(n)k = η−Ψ ◦ T g(k)(∆)✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Ψ ❛♥❞ ♦❢ t❤❡ s❡t Imnn ✱
✇❡ ❤❛✈❡ ❢♦r ❛♥② k ✐♥ Imnn
Ψ ◦ T g(k)(∆) = ∆2g(k) + 2∆g(k)(Sg(k−1)(∆)− Smng(k)(∆)).
❚❤❡r❡❢♦r❡ ❢♦r k ✐♥ Imnn
D
(n)
k
nd
=
η
nd
− Y 2g(k) − 2Yg(k)(Sg(k−1)(Y )− Smng(k)(Y )).
❙✐♥❝❡ limn→+∞ n
−d|Imnn | = 1✱ ✐t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r
F1 =
∣∣∣∣∣∣E

 1
nd
nd∑
k=1
h
′′
k−1,k+1D
(n)
k


∣∣∣∣∣∣ .
❆♣♣❧②✐♥❣ ▲❡♠♠❛ 1✱ ✇❡ ❤❛✈❡
F1 ≤
∣∣∣∣∣∣E

 1
nd
nd∑
k=1
h
′′
k−1,k+1(∆
2
g(k) − E(∆20))


∣∣∣∣∣∣+ |η − E(∆20)|+ 2
∑
j∈V 10 ∩Wn
E|∆0∆j|
≤
∣∣∣∣∣∣E

 1
nd
nd∑
k=1
h
′′
k−1,k+1(∆
2
g(k) − E(∆20))


∣∣∣∣∣∣+ o(1) +O(mdnbn),
✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t
F2 =
∣∣∣∣∣∣E

 1
nd
nd∑
k=1
h
′′
k−1,k+1(∆
2
g(k) − E(∆20))


∣∣∣∣∣∣
❣♦❡s t♦ ③❡r♦ ❛s n ❣♦❡s t♦ ✐♥✜♥✐t②✳ ▲❡t M > 0 ❜❡ ✜①❡❞✳ ❲❡ ❤❛✈❡ F2 ≤ F ′2 + F ′′2 ✇❤❡r❡
F
′
2 =
∣∣∣∣∣∣E

 1
nd
nd∑
k=1
h
′′
k−1,k+1
(
∆2g(k) − EM
(
∆2g(k)
))
∣∣∣∣∣∣
✶✶
❛♥❞
F
′′
2 =
∣∣∣∣∣∣E

 1
nd
nd∑
k=1
h
′′
k−1,k+1
(
EM
(
∆2g(k)
)− E(∆20))


∣∣∣∣∣∣
✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥ EM
(
∆2g(k)
)
= E
(
∆2g(k)|FV Mg(k)
)
✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛
❙❡r✢✐♥❣ t②♣❡ ✐♥❡q✉❛❧✐t② ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✼❪✳
▲❡♠♠❛ ✸ ▲❡t U ❛♥❞ V ❜❡ t✇♦ σ✲❛❧❣❡❜r❛s ❛♥❞ ❧❡t X ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♠❡❛s✉r❛❜❧❡
✇✐t❤ r❡s♣❡❝t t♦ U ✳ ■❢ 1 ≤ p ≤ r ≤ ∞ t❤❡♥
‖E(X|V)− E(X)‖p ≤ 2(21/p + 1) (α(U ,V))
1
p
− 1
r ‖X‖r.
❆♣♣❧②✐♥❣ ▲❡♠♠❛ 3 ❛♥❞ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t ∆0 ✐s ❜♦✉♥❞❡❞ ❜② 4‖❑‖∞/
√
bn✱ ✇❡ ❞❡r✐✈❡
F
′′
2 ≤ ‖EM
(
∆20
)− E(∆20)‖1 ≤ 96‖❑‖2∞bn α1,∞(M)
■♥ t❤❡ ♦t❤❡r ♣❛rt✱
F
′
2 ≤
1
nd
nd∑
k=1
(
J1k (M) + J
2
k (M)
)
✇❤❡r❡
J1k (M) =
∣∣∣E(h′′Mk−1,k+1 ◦ T−g(k) (∆20 − EM (∆20)))∣∣∣ = 0
s✐♥❝❡ h
′′M
k−1,k+1 ◦ T−g(k) ✐s FV M0 ✲♠❡❛s✉r❛❜❧❡ ❛♥❞
J2k (M) =
∣∣∣E((h′′k−1,k+1 ◦ T−g(k) − h′′Mk−1,k+1 ◦ T−g(k)) (∆20 − EM (∆20)))∣∣∣
≤ E



2 ∧ ∑
|i|<M
|∆i|
nd/2

∆20


≤ 4‖❑‖∞ E(∆
2
0)
(ndbn)1/2
+
4‖❑‖∞
(ndbn)1/2
∑
|i|<M
i6=0
E|∆i∆0| s✐♥❝❡ ∆0 ≤ 4‖K‖∞√
bn
❛✳s✳
= O
(
1
(ndbn)1/2
+
Md
√
bn
nd/2
)
✭❜② ▲❡♠♠❛ 1✮
❙♦✱ ♣✉tt✐♥❣ M = b
−1
2d−1
n ❛♥❞ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t
∑
m≥0m
2d−1 α1,∞(m) < +∞✱ ✇❡
❞❡r✐✈❡
F2 = O
(
M2d−1 α1,∞(M)
)
+O

1 + b d−12d−1n
(ndbn)1/2

 = o(1).
❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ 1 ✐s ❝♦♠♣❧❡t❡✳
✶✷
✸ ❆♣♣❡♥❞✐①
Pr♦♦❢ ♦❢ ▲❡♠♠❛ 1✳ ❋♦r ❛♥② i ✐♥ Zd ❛♥❞ ❛♥② z ✐♥ R✱ ✇❡ ♥♦t❡ ❑i(z) = ❑
(
z−Xi
bn
)
✳ ❙♦✱ ✐❢
s ❛♥❞ t ❜❡❧♦♥❣s t♦ R✱ ✇❡ ❤❛✈❡
E(Z0(s)Z0(t)) =
1
bn
(
E (❑0(s)❑0(t))− E❑0(s)E❑0(t)
)
❛♥❞
lim
n→+∞
1
bn
E (❑0(s)❑0(t)) = lim
n→+∞
∫
R
❑ (v)❑
(
v +
t− s
bn
)
f(s− vbn)dv = δst f(s)σ2
✇❤❡r❡ δst = 1 ✐❢ s = t ❛♥❞ δst = 0 ✐❢ s 6= t✳ ❲❡ ❤❛✈❡ ❛❧s♦
lim
n→+∞
1
bn
E❑0(s)E❑0(t) = lim
n→+∞
bn
∫
R
❑(v)f(s− vbn)dv
∫
R
❑(w)f(t− wbn)dw = 0.
❙♦✱ ✇❡ ♦❜t❛✐♥
E(∆20) = λ
2
1E(Z
2
0(x)) + λ
2
2E(Z
2
0(y)) + 2λ1λ2E(Z0(x)Z0(y)) −−−−−→
n→+∞
η.
▲❡t i 6= 0 ❜❡ ✜①❡❞ ✐♥ Zd✳ ❲❡ ❤❛✈❡
E|∆0∆i| ≤ λ21E|Z0(x)Zi(x)|+λ22E|Z0(y)Zi(y)|+λ1λ2E|Z0(x)Zi(y)|+λ1λ2E|Z0(y)Zi(x)|.
✭✼✮
❋♦r ❛♥② s ❛♥❞ t ✐♥ R✱
E|Z0(s)Zi(t)| ≤ 1
bn
E
∣∣❑0(s)❑i(t)∣∣+ 1
bn
E
∣∣❑0(s)∣∣E∣∣❑0(t)∣∣.
▼♦r❡♦✈❡r✱ ✉s✐♥❣ ❆ss✉♠♣t✐♦♥s ✭❆✷✮ ❛♥❞ ✭❆✸✮✱ ✇❡ ❤❛✈❡
1
bn
E
∣∣❑0(s)∣∣E∣∣❑0(t)∣∣ = bn
∫
R
|❑(u)|f(s− ubn)du
∫
R
|❑(v)|f(t− vbn)dv = O(bn)
❛♥❞
1
bn
E
∣∣❑0(s)❑i(t)∣∣ = bn
∫∫
R2
∣∣❑ (w1)❑ (w2) ∣∣f0,i(s− w1bn, t− w2bn)dw1dw2 = O(bn).
❙♦✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛♥② s ❛♥❞ t ✐♥ R
E|Z0(s)Zi(t)| = O(bn). ✭✽✮
❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ 1 ✐s ❝♦♠♣❧❡t❡❞ ❜② ❝♦♠❜✐♥✐♥❣ ✭7✮ ❛♥❞ ✭8✮✳
✶✸
Pr♦♦❢ ♦❢ ▲❡♠♠❛ 2✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ❜② ❇♦sq✱ ▼❡r❧❡✈è❞❡ ❛♥❞ P❡❧✐❣r❛❞ ✭❬✸❪✱ ♣❛❣❡s
✽✽✲✽✾✮✳ ❋✐rst✱ mdn ❣♦❡s t♦ ✐♥✜♥✐t② s✐♥❝❡ bn ❣♦❡s t♦ ③❡r♦ ❛♥❞ mn ≥
[
b
− 1
2d
n
]
✳ ❋♦r ❛♥②
♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✱ ✇❡ ❝♦♥s✐❞❡r
ψ(m) =
∑
|i|>m
|i|d α1,∞(|i|).
❙✐♥❝❡ t❤❡ ♠✐①✐♥❣ ❝♦♥❞✐t✐♦♥ ✭1✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
∑
k∈Zd |k|d α1,∞(|k|) <∞✱ ✇❡ ❦♥♦✇ t❤❛t
ψ(m) ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛s m ❣♦❡s t♦ ✐♥✜♥✐t②✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡
mdnbn ≤ max
{√
bn, Cd
(√
ψ
([
b
− 1
2d
n
])
+ 2dbn
)}
−−−−−→
n→+∞
0
✇❤❡r❡ Cd ✐s s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ d✳ ❲❡ ❤❛✈❡ ❛❧s♦
mdn ≥
1
bn
√
ψ
([
b
− 1
2d
n
])
≥ 1
bn
√
ψ (mn) s✐♥❝❡
[
b
− 1
2d
n
]
≤ mn.
❋✐♥❛❧❧②✱ ✇❡ ♦❜t❛✐♥
1
mdnbn
∑
|i|>mn
|i|d α1,∞(|i|) ≤
√
ψ(mn) −−−−−→
n→+∞
0.
❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ 2 ✐s ❝♦♠♣❧❡t❡✳
❘❡❢❡r❡♥❝❡s
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